We study quantum chaos for systems with more than one degree of freedom, for which we present an analysis of the dynamics of entanglement. Our analysis explains the main features of entanglement dynamics and identifies entanglement-based signatures of quantum chaos. We discuss entanglement dynamics for a feasible experiment involving an atom in a magneto-optical trap and compare the results with entanglement dynamics for the well-studied quantum kicked top.
I. INTRODUCTION
Theories of chaos and of quantum mechanics juxtapose in the discipline of "quantum chaos" (QC), which has attracted significant theoretical and experimental [1] efforts. Recently the advent of quantum information [2] has highlighted the role of entanglement as a resource, and stimulated theoretical studies of entanglement in QC systems [3] [4] [5] [6] [7] [8] . Whereas maximal entanglement can be created in many systems without chaos, QC systems may generate entanglement at a faster rate. Here we present a general analysis of entanglement dynamics for unitarily evolving QC systems, and apply this analysis to a system of significant experimental interest: an atom in a magneto-optical lattice (AMOL), which we show is a feasible experimental system to observe and test entanglement dynamics and to rapidly enhance entanglement production for certain initial states. The theoretical methods and results are general, which we demonstrate by application to the well-studied quantum kicked top (QKT) [6, [9] [10] [11] . We also identify the initial entanglement rate as a signature of quantum chaos.
Entanglement features of QC systems can be subtle. Recent theoretical studies have revealed that entanglement may be enhanced as the chaoticity parameter is increased [3, 6] . Other studies indicate that increased chaos can lead to a saturation of the rate of entanglement generation [5] . Entanglement generation in a bipartite system depends on both the coupling strength between the two systems as well as the degree of chaos as shown by Jacquod [8] . Hence, the rate of entanglement generation between two subsystems can vary depending on whether the total bipartite system is globally strongly chaotic or whether the two subsystems are each individually strongly chaotic but weakly coupled. Whereas our focus is on the former case, which can yield a rapid increase of entanglement, our multiqubit analysis of the entanglement dynamics of a single kicked top can be used to understand the saturation in entanglement obtained for coupled kicked tops.
We focus our attention on the evolution of an AMOL [12, 13] under realistic experimental conditions and show that entanglement arises between the atomic spin and motional degrees of freedom. The ability to tomographically reconstruct the reduced density matrix of the atomic spin state [14] makes it possible to study the evolution of this entanglement experimentally. We analyze the dynamics of entanglement (via the entropy of the spin density matrix) and characterize the global dynamics by the size of the chaoticity parameter and local dynamics by whether the initial state is supported primarily by regular or chaotic eigenstates of the Hamiltonian. AMOL experiments would allow the first empirical studies of entanglement evolution in a QC system.
An AMOL provides an attractive framework for studying entanglement evolution in a QC system with and without coupling to an environment. This is because, in addition to having more than one degree of freedom and the ability to tomographically reconstruct states, decoherence can be controlled by detuning the laser relative to the atomic resonance frequency. Decoherence is negligible for the far offresonance AMOL so coupling to the environment can be ignored (unitary dynamics), and entanglement between the spin and motional subsystems of the overall chaotic system can be explored. By tuning the laser frequency close to atomic resonance, coupling to the environment is increased and the resulting effects of entanglement with the environment can be observed. Here we are concerned with the former case of the far off-resonance magneto-optical lattice for which coupling to the environment can be neglected and entanglement is enhanced. We show that the AMOL can exhibit generic features of entanglement dynamics, for example quasiperiodicity for a state initially localized in a regular regime and a rapid increase of entanglement with no subsequent quasiperiodicity in a chaotic regime.
II. ANALYSIS OF ENTANGLEMENT DYNAMICS
Generic features of entanglement in QC systems can be understood by examining the spectral properties of the evolution operator U͑t͒ on the system Hilbert space H = i=1 N H ͑i͒ with H ͑i͒ the Hilbert space of dimension d i for the ith subsystem. We consider two common categories of unitary evolution: (i) U͑t͒ = exp͑−i Ht/ ប͒ for a timeindependent Hamiltonian H and time t, and (ii) U͑t = n͒ = F n with F a Floquet operator F = T exp͓−i / ប͐ 0 H͑t͒dt͔. The evolution operator can be expressed as
for ͕͉ j ͖͘ a time-independent orthonormal basis of H of dimension d and ͕exp͑−i j t͖͒ the corresponding eigenvalues. The evolution of an arbitrary initial density operator ͑0͒ over time t is
for jk ϵ j − k and jk ϵ͗ j ͉͑0͉͒ k ͘. Entanglement for pure states ͑ = 2 ͒ with two subsystems is given by the entropy of the reduced density operator ͑t͒ of either subsystem. The linear entropy S =1−Tr͑ 2 ͒ is a convenient measure of entanglement, with S = 0 for no entanglement and S =1-1/d i for maximum entanglement. The time-dependent entropy is
for ͕͉u l ͖͘ , ͕͉v r ͖͘ orthonormal bases for H ͑1͒ and H ͑2͒ . Diagonal elements ii quantify support of on U eigenstates ͉ i ͘. These eigenstates can be associated with regular and chaotic regimes [15, 16] ; hence a state can be identified with classical regular or chaotic regimes (or a combination) by its support on U eigenstates. We employ this correspondence between support [10] and regular vs chaotic dynamics to characterize entanglement dynamics for an AMOL and other QC systems.
III. ENTANGLEMENT DYNAMICS OF ATOMS IN A MAGNETO-OPTICAL LATTICE
The AMOL system consists of atoms trapped in a onedimensional (1D) far off-resonance optical lattice created by two counterpropagating laser beams with an angle ⌰ L between their linear polarizations. The light shift potential that results from the dipole interaction between the atom and the laser beam electric field E is [12]
Here ␣ is the atomic polarizability tensor. For a multilevel atom, the polarizability tensor depends on the internal states of the atom and can be written as the sum of a scalar term, a vector term, and a tensor term.
In experiments using alkali-metal atoms [13] , the total angular momentum is prepared in a hyperfine ground state with quantum number F. When the laser field is sufficiently detuned from resonance such that the excited state hyperfine splitting can be neglected, the light-shift potential as a function of the atomic position z reduces to the sum of a scalar part (independent of the atom's spin state) and a vector part, which appears as an effective Zeeman interaction. The resultant Hamiltonian is [13] 
␥ the gyromagnetic ratio, and F the total angular momentum vector of the hyperfine ground state, with the quantization axis along the z direction. As an example, we consider 133 Cs with F = 4 and B B eff ͑z͒ =− 2 3 V 1 sin ⌰ L sin 2kz e z + B x e x , for k the laser wave vector, V 1 the single-beam light shift, and e x , e z unit vectors in the x and z directions. The z component of B eff ͑z͒ arises from the vector term in the atomic polarizability tensor while the x component is due to an additional applied transverse magnetic field B x , which is the tunable chaoticity parameter. The coupling between the spin precession and center-of-mass motion leads to entangled spinor wave packets. [In fact, Eq. (4) is applicable to more general systems if the periodic potential is replaced by a harmonic potential [17] .]
In the classical limit, Eq. (3) describes a magnetic moment interacting with the same B eff ͑z͒ [18] , with n = F / F the direction vector for the classical angular momentum. The classical four-dimensional phase space is parametrized by atomic position and momentum ͑z , p͒ and direction ͑ , ͒ of F / F. This is equivalent to a system with two effective degrees of freedom. The resulting classical equations of motion are
Nonintegrability of these equations follows since there is only one constant of the motion, the energy. We seek to study dynamical entanglement between spin and center-of-mass motion for lattice parameters that are accessible in current experiments. Therefore we choose V 1 = 160E R , ⌰ L = 80°, and B B x =12E R , for E R = ប 2 k 2 /2M, the recoil energy. Classical Poincaré sections for these parameters and total energy E = p 2 /2M + V = −280E R reveal a mixed phase space with islands of regular motion embedded in the chaotic sea (Fig. 1) . Quantum states are localized to phase space coordinates ͑z , p , , ͒ by preparation in a product of the motional and spin coherent states ͉␣ = z + ip͉͘ , ͘ [19] .
An AMOL state localized around ͑z ,0, , ͒ can be prepared by cooling atoms to the ground state of the diabatic potentials. The lattice is then shifted until this state is centered at z / . The spin is rotated until the Bloch vector is pointing in the direction ͑ , ͒. We pick an initial state that is centered on an island in the Poincaré section in Fig. 1 . For comparison we also consider an initial state in the chaotic sea.
The evolution of entanglement between spin and motional degrees of freedom, quantified by S͑t͒, for states that are initially regular or chaotic can be experimentally measured by reconstructing the time evolving reduced density matrix of the spin using tomographic techniques that have recently been demonstrated [14] . The populations in the different magnetic sublevels along 4F + 1 different quantization axes can be experimentally measured using Stern-Gerlach measurements, and the ͑2F +1͒ 2 elements of the spin density matrix can be calculated from these measurements. The linear entropy S͑t͒ of the spin can then be easily computed.
The predicted dynamical behavior of S͑t͒ in regular [ Fig.  2(a) ] versus chaotic [ Fig. 2(b) ] regions exhibits two main signatures of chaos. At short times, entanglement in the chaotic regime increases at a faster rate than for the regular regime, thereby supporting the concept that chaos can cause rapid generation of entanglement as predicted in other systems [3, 6] . Also oscillations are prevalent for initially regular states but not for chaotic states (which has been also observed for the quantum kicked top [6] ). We explain how the power spectrum of S can provide a signature of chaos, as Lahiri suggested [7] , by exploiting the U eigenbasis.
U-eigenstate support for the states initially in the regular and chaotic regimes are depicted in Fig. 3 . The initial state on the regular island has support dominated by four pairs of regular eigenstates with each pair nearly degenerate. This support over few eigenstates is responsible for the quasiperiodic evolution of linear entropy, and Fig. 4(a) shows that excellent replication of entanglement dynamics is possible by only including these four pairs of eigenstates. In contrast, the initial state in the chaotic sea has support over a larger number of the chaotic set of eigenstates extending over a broader frequency spectrum [ Fig. 3(b) ], due to a breakdown of semiclassical theory in the chaotic regime [15, 16] .
A rigorous understanding of entanglement evolution emerges by noting that S͑t͒ in Eq. (3) depends on eigenfrequency-difference sums ij + kl , which can be identified in the power spectrum of S͑t͒. The fast oscillations in Fig. 2(a) are due to the large differences ␦ between the four main peaks in Fig. 3(a) , and small frequency differences between almost degenerate eigenstate pairs at each peak in Fig.  3 (a) result in slow oscillations with long periods as seen in the long-term behavior of the entanglement in Fig. 4(b) . The terms ij + kl that appear in the evolution correspond not just to differences in the eigenfrequencies, but also can be a sum of ij + kl . For example, the main oscillation in Fig.  2(a) is due to the sum of two difference frequencies. These frequencies can be extracted from a Fourier transform of the dynamics, which reveals a discrete power spectrum in contrast to the more continuous spectrum for the initially chaotic state.
The key feature of dynamical entanglement for our purpose is the initial increase of entanglement for a chaotic state, which is more rapid than for the regular state (see inset of Fig. 2 ). This rapid rise in entanglement is not unique to the AMOL system [3, 6] . The rate of increase of entanglement is obtained by expanding Eq. (1) at t = 0, which reveals a quadratic increase as a function of time, S = ͑t / t 0 ͒ 2 with t 0 = 0.01; this behavior is surprising at first because an exponential increase is expected for states in the chaotic regime and a quadratic increase for states in the regular regime [8] . The predicted quadratic versus exponential behavior is obtained by relating the purity of the reduced density matrix to a classical time correlator [8] . Of course this expectation applies for the asymptotic semiclassical regime, but our system lies in a quantum regime, hence the chaotic state is not well localized, with resultant non-negligible support over the regular regime yielding a quadratic increase in entanglement. For the initial state in the chaotic regime, ⌬x/ Ϸ 0.07, ⌬p/បk Ϸ 2.7, ͑9͒
and
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IV. ENTANGLEMENT DYNAMICS IN A QUANTUM KICKED TOP
Our methods to analyze the AMOL are generic and generalize to other unitarily evolving QC systems as we now show for the quantum kicked top with Hamiltonian [9] [10] [11] 
͑11͒
for J x , J y , J z su͑2͒ operators and the chaoticity parameter. The QKT can be constructed from a collection of N =2j qubits in the symmetric representation with collective spin operators
and ͕ i␣ ͖ the Pauli operators for the ith qubit [6] . For =3, =1, p = / 2 entanglement behavior is similar to that of the trapped atoms described here [6] . Bipartite entanglement between a pair of qubits and the remaining qubits reveals quasiperiodic evolution for an initial state centered on an elliptic fixed point. For a state centered in the chaotic sea, no quasiperiodic motion is present, and just as in our AMOL, an initial rapid increase of entanglement is observed confirming this generic behavior.
Support of an initial state over ͑U = F n ͒ eigenstates, of the Floquet operator
is shown for an initial state centered on the elliptic fixed point and one in the chaotic region of Ref. [6] (Fig. 5) . The initial state centered in the regular region can be mainly decomposed into a few (size ͱ N) "regular" eigenstates [10] . In this case the state that we have localized at a fixed point has most of its support on three eigenstates, of which two are degenerate. The difference between the corresponding eigenphases m , ␦ = 0.003, determines the frequencies of oscillation in the evolution of S [ Fig. 6(a) ]. The flat entanglement power spectrum for the chaotic state is due to the broad support (size N) [10] of the initial state on the "chaotic" U eigenstates [ Fig. 5(b) ]. Because N = 50 qubits is in the semiclassical regime, the distinction between regular and chaotic entanglement dynamics is more pronounced than what we observed for the AMOL, which was not as semiclassical. (As we consider 133 Cs for the AMOL, F = 4 is fixed and thus not adjustable to reach the semiclassical regime.) Moreover the rise time for the initial chaotic state is exponential [8] which can be regarded as a signature of quantum chaos.
The QKT system of N qubits behaves collectively like a system with one degree of freedom unlike the AMOL which has two degrees of freedom: spin and motion. Coupling between two QKTs, however, allows for entanglement dynamics between two coupled degrees of freedom to be observed, but entanglement is suppressed in the strong chaotic regime [5] . Our results for the single QKT provide an intuitive understanding of this suppression of entanglement. Since chaos enhances the entanglement between the qubits in each kicked top, the qubits cannot also be highly entangled with the qubits of the other top.
V. CONCLUSION
In conclusion, we have presented entanglement dynamics for an experimentally feasible QC system of atoms trapped Fig. 1 of [6] .
FIG. 6. (a)
For the regular initial state of the QKT the entanglement dynamics (solid curve) can be reproduced by considering the evolution of the three highest weighted eigenstates (dashed curve) in Fig. 5(a). (b) The rise time for the state in the chaotic sea is roughly exponential.
in a magneto-optical lattice. For realistic experimental parameters, quantum signatures of chaos exist in the dynamics of entanglement, specifically in the initial rise and the power spectrum, even when the system is not in a semiclassical regime, and there is a rapid increase of entanglement for initial states in the chaotic regime. Our results show that the AMOL system is a convenient setting in which entanglement dynamics can be experimentally observed.
Our analysis relies on studying support over the unitary evolution eigenbasis, which applies generically to other unitarily evolving QC systems, as we demonstrate with the quantum kicked top. This provides a simple method for predicting the behavior of a system by only considering the initial state and the eigenstates of the system. Thus we have introduced a means for extending QC experiments to more than one degree of freedom, observing and understanding entanglement dynamics in such systems, exploiting quantum chaos for a rapid increase in entanglement, and explaining when chaos enhances vs diminishes entanglement generation for initially chaotic states.
